ABSTRACT: The exact solutions of a nonlinear differential equations system, describing the boundary layer flow over a stretching sheet with a convective boundary condition and a slip effect have been obtained in this paper. This problem has been numerically solved by using the shooting method in literature. The aim of the current paper is to check the accuracy of these published numerical results. This goal has been achieved via first obtaining the exact solutions of the governing nonlinear differential equations and then, by comparing them with the approximate numerical results reported in literature. The effects of the physical parameters on the flow field and the temperature distribution have been re-investigated through the new exact solutions. The main advantage of the current paper is the simple computational approach that has been introduced to analyze exactly the present physical problem. This simple analytical approach can be further applied to investigate similar problems. Although no remarkable differences have been detected between the current figures and those obtained in literature, the authors believe that if some numerical calculations were available for the fluid velocity and the temperature in literature then the convergence criteria and the accuracy of the shooting method used in Ref. [15] can be validated in view of the current exact expressions.
INTRODUCTION
Many physical models in the applied science are described in the form of linear and nonlinear boundary value problems. In the case of nonlinear boundary value problems, it is usually difficult to obtain the exact analytical solution. Due of this difficulty, most of the researchers in the applied and the engineering sciences directly resort to the numerical methods [1] or the numerical codes to solve their physical models. However, many other authors investigated their physical models by using one of the semi-analytical methods such as Adomian decomposition method (ADM) [2] [3] [4] [5] [6] [7] , differential transformation/Taylor method (DTM) [8] [9] , homotopy perturbation method (HPM) [10] [11] [12] [13] , and homotopy analysis method (HAM) [14] . Unfortunately, the accuracy of the numerical solutions derived from these semi-analytical methods cannot be checked without addressing the convergence issue. Another way to check the accuracy of the numerical solutions is to compare them with the exact solutions, if available. It is a well known fact, that the exact solution of any physical model is optimal when available. Such exact solution provides the true behaviour of a given model and avoids putative numerical results. It also serves as a benchmark for any numerical treatment and/or in validating the accuracy of the approximate solutions, derived from the semi-analytical methods of that model.
To ensure the accuracy of these approximate solutions, the convergence issue should be addressed; otherwise, such approximate solutions may lead to incorrect interpretations for the considered model. In this regard, it has been shown recently that the numerical solutions derived from the HPM and the HAM was not correct, when compared with the exact solutions that have been obtained by the authors in [13] [14] . Accordingly, the present authors believe that some of the published numerical results should be rechecked through comparisons with the exact solutions after getting them. In order to achieve this goal, we re-investigate the problem studied by Abu Bakar et al. [15] , which describes the effect of a convective surface boundary condition on the laminar thermal boundary layer flow past a stretching sheet with partial slip. The boundary layer equations, governed by the partial differential equations were first transformed into the following system of nonlinear ordinary differential equations:
where η is the similarity variable, P r is Prandtl number, f (η) is the stream function, and θ(η) is the temperature distribution of the boundary layer. Details of PDEs describing the flow and the similarity transformations can be found in [15] , they were not mentioned here to avoid repetition. The flow is a subject to the following boundary conditions:
where K is the slip parameter and γ is the convective parameter. The method of obtaining the exact solutions is discussed in the next section. The objectives of the present paper can be summarized as follows: 1) Obtaining the exact solutions for the system of nonlinear differential equations governing the flow.
2) The obtained exact solutions are used to introduce various plots for the exact temperature and the exact velocity.
3) The final task is to compare the current exact results for the velocity and the temperature with those approximately obtained, using the shooting method in Ref. [15] .
EXACT SOLUTIONS
Firstly, it should be noted that the current system of nonlinear equations is not coupled. This means, that if we are able to solve exactly the f -equation (1) with the boundary conditions (3), then we will be able to solve the θ-equation analytically. Moreover, the exact solution of the f -equation (1) with the boundary conditions (3) is not a difficult task, since it was available in many previous studies, such as [16] . In order to solve the system (1-4), we usually start with Eq. (1) in which the function f (η) is the only unknown. The following assumption is used:
where β should be positive, so that the infinity boundary condition for f (η) is satisfied. Solution in the form (5) is a specific solution of the Eq. (1). On using Eq. (5) into Eq. (1), we have
which leads to
Applying the first two boundary conditions given in (3), we obtain
In view of Eqs. (8-9), we obtain a and b in terms of β as
where β satisfies the cubic-algebraic equation
where β is a positive real root of Eq.(11). Substituting f (η) = β 1 − e −βη into Eq.
(2), we have the following differential equation in only θ(η):
Integrating the last equation once w.r.t η from 0 to η yields (14) θ(η) = θ (0)e P r × e −P r(βη−e −βη ) ,
Integrating Eq. (14) once again w.r.t η from 0 to η, we obtain In order perform the integration in the right hand side we use the assumption
Accordingly, we have:
On using the definition of the incomplete gamma function β(P r) P r Γ P r, P re −βη , P r .
Therefore, we have from Eq. (16) that
β(P r) P r Γ P r, P re −βη , P r .
Applying the infinity boundary condition θ(∞) = 0, yields
On solving the last equation for θ(0), we obtain
where (25) Ω = e P r β(P r) P r Γ (P r, 0, P r).
Inserting the value of θ(0) into Eq. (22), we get (26) θ(η) = γΩ 1 + γΩ 1 − Γ P r, P re −βη , P r Γ (P r, 0, P r) .
This expression for θ(η) can be further simplified by using the following identity for the incomplete gamma function:
Hence, the exact solution for the temperature distribution θ(η) is finally given by
where Ω is already defined by Eq. (25). The exact solutions, given by (12) and (28), can be easily checked by direct substitution in the system (1-4) . Further, in the absence of the convective boundary condition, i.e, as γ → ∞, we obtain θ(η) = Γ P r, 0, P re −βη Γ (P r, 0, P r)
which agrees with the exact solution obtained very recently by Aly and Ebaid [16] (Eq. 33), in the case of no suction/injection, i.e., s = 0 and at λ = 1 and τ = 1/P r, see Ref. [16] for details.
DISCUSSION
The equations with boundary conditions (1-4) could be solved by semi-analytical methods. The authors may suggest the readers to do this in future works and compare their results with the current exact solutions. In this respect, the authors recommend the readers to revise Refs [17] [18] [19] [20] [21] , that show how to use semi-analytical methods for different types of ordinary differential equations. The nonlinear ordinary differential equations (1) and (2), subjected to the boundary conditions (3-4), were solved exactly in the previous section, using a simple but effective analytical procedure. The present numerical computations have been carried out for various values of the parameters involved, namely Prandtl number P r, slip parameter K and convective parameter γ at the same data, that have been considered in [15] . It is clear from Eqs. (11) (12) , that the convective parameter γ and the Prandtl number P r give no effect to the flow field. For purpose of comparison with the results obtained in [15] , we have plotted the velocity field at K = 1 in Fig. 1 . There is no remarkable difference between Fig. 1 of the current study and Fig. 1 obtained in [15] . However, if some numerical calculations were available for the velocity of the fluid in Ref. [15] , then the convergence criteria for the shooting method can be validated in view of the current exact velocity expression. In this regard, the authors of the present paper believe that there are some numerical errors, which cannot be estimated through only graphs and without re-calculating the numerical values of the velocity by the shooting method at some chosen values of the similarity variable. The impact of the convective parameter γon the temperature field at P r = K = 1 is depicted in Fig. 2 . It is observed from this figure, that increasing γ increases both the temperature at the surface, i.e., θ(0) and the temperature gradient at the surface θ (0) (in absolute sense), this conclusion is also reported in [15] . The effects of the slip parameter K on the velocity and temperature profiles are illustrated in Figs. 3 and 4, respectively, both for P r = 1 and γ = 0:5. It is seen in Fig. 3 , that the velocity gradient at the surface f (0) decreases as K increases. Thus and as reported in [15] , the skin friction coefficient decreases in the presence of slip at the boundary and is inversely proportional to the magnitude of the slip. It can be seen in Fig. 4 , that the temperature increases with increasing the slip parameter K. The effect of Prandtl number on the temperature distribution is displayed in Fig. 5 , at K = 1 and γ = 0:5. It is also observed from this figure, that the temperature gradient at the surface increases as P r increases, which implies an increase in the heat transfer rate at the surface. The main observation here is the coincidence between the published approximate numerical solutions obtained in [15] and the current exact solutions. This may refer to the effectiveness of the shooting method that has been used as a numerical method of solution in Ref. [15] . This paper is basically of mathematical nature according to the aim hence, the physical argumentation was shorted.
CONCLUSIONS
The system of nonlinear differential equations, describing the boundary layer flow over a stretching sheet with a convective boundary condition and slip effect has been exactly solved in this paper. The effect of the physical parameters on the flow field and the temperature distribution has been re-investigated through the new exact solutions. No remarkable differences have been detected between the current exact results and those approximately obtained via the shooting method in [15] . However, one of the main objectives of the current paper was to present a simple analytical procedure to obtain the exact solutions of the considered system. This goal has been achieved and consequently the comparisons have been made between the present results and those published in literature. This simple analytical procedure may be used and extended for other similar physical problems.
